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Planar Aeroassisted Attainability Domain

M. Guelman*
Technion—lIsrael Institute of Technology, Haifa 32000, Israel

The purpose is to study the general problem of aerodynamic maneuvers at low altitudes while at orbital speed.
The spacecraft’s trajectory changes are generated by the applied lift and drag aerodynamic forces. Employing an
adequate model of the aerodynamic forces function of the angle of attack, the unbounded angle of attack is used as
the control variable. To perform a general analysis of spacecraft trajectories when employing aerodynamic forces,
the aeroassisted attainability domain is studied. Specifically, given the initial position and velocity of the vehicle
at atmospheric entry, the region in state space that can be attained by the vehicle at atmospheric exit when using
all of the possible controls at its disposal is determined. The set of trajectories belonging to the boundary of the
attainability domain is obtained through the variation of a single parameter, namely, the initial value of angle
of attack at atmospheric entry. The trajectories are obtained by a forward integration of the state and adjoint
equations of motion. Representative results of the attainability domain for given initial conditions and vehicle

characteristics are presented.

Nomenclature

= drag coefficient

= lift coefficient

normal force coefficient
tangential force coefficient

= drag force

= aerodynamic normal force
aerodynamic tangential force
= gravity acceleration

= Hamiltonian

= density scale height

= lift force

spacecraft mass

radial distance from the center of the Earth
Earth radius

= normalized distance
reference surface

= spacecraft velocity
normalized spacecraft velocity
angle of attack

density inverse scale height
= flight-path angle

rotation angle

range adjoint

= velocity adjoint

flight-path angle adjoint
Earth gravitational constant
= atmosphere density
normalized retrograde time

= normalized forward time

= orbital frequency
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Introduction

HE possibility of using aerodynamic forces to change orbital

altitude and/or inclination with an energy expenditure smaller
than that associated with an exoatmospheric propulsive maneuver
has been considered since the early 1960s (Ref. 1). Some of the
missions where aeroassisted maneuvers can provide a significant
reduction in fuel expenditure include transfer of a payload from
geosynchronousorbit to rendezvous with either a Shuttle or space
station,? orbital insertion around the planet Mars,® and change of
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the orbital inclination Two comprehensive survey papers>® were
published during the 1980s on aeroassisted transfer.

In the past, approximate optimal aeroassisted maneuvers were
developed by solving calculus of variations nonlinear, two-point
boundary value problems from a particular starting state of the sys-
tem to a desired final state. Fuel minimization was achieved by ade-
quately defining the requiredinitial conditions at atmosphericentry,
as obtained from an exoatmospheric maneuver, and then again by
adequately defining the aeroassited maneuver final conditions at
atmospheric exit, such that the required fuel for final orbit insertion
be a minimum.

In an aeroassisted maneuver the spacecraft orbital changes are
due to the applied lift and drag aerodynamic forces. Generally, the
aerodynamicforces were modeledusing a standard polardrag model
relating drag to lift and employing lift as the control variable. How-
ever, it is the angle of attack that the spacecraft attitude control
system is able to directly control. Employing an adequate model of
the aerodynamicforces as a functionof the angle of attack, the angle
of attack can be directly employed as the control variable.

To perform a general analysis of the spacecrafttrajectories when
employing aerodynamic forces, the planar aeroassistedattainability
domainis studied. Specifically, giventhe initial positionand velocity
of the vehicle at atmosphericentry, the region in state space that can
be reached by the vehicle at atmospheric exit is determined, when
using all of the possible controls at its disposal.

The attainable domain from a certain state is equivalent to the
controllability domain to the same state, depending on the sense of
time,’ i.e., the set of trajectories to final points that can be attained
from a certain state is the same as the set of trajectories from the
points controllable to the same state, with the trajectories traversed
in the retrograde sense. A basic theorem on controllability is em-
ployed to determine the trajectories belonging to the boundary of
the attainability domain. These trajectories are obtained by a for-
ward integration of the equations of motion as well as of the adjoint
variables. The set of trajectories defining the attainability domain
boundary is obtained through the variation of a single parameter,
namely, the initial angle of attack at atmospheric entry.

System Model

Figure 1 depicts the spacecraftin the central gravitationalfield of
the Earth, under the influence of both aerodynamic and gravitational
forces, where y is the flight-path angle with respect to the local
horizon. The vehicle is able to control its attitude and, thus, its
angle-of-attack a.

The aerodynamic normal and tangential forces in body axes are
defined by
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where Cy and Cy are the aerodynamic normal and tangential co-
efficients assumed to be constant and p is the air mass density, an
exponential function of the flight altitude

p = poexp{—[(R — Ro)/ hl} 3)

where py is the atmospheric density at a reference altitude Ry, and
h is the altitude scale factor.

This particular simple model for the aerodynamic forces, as de-
fined by expressions (1) and (2), closely approximates the model
generally employed for small angles of attack. For large angles of
attack it represents a fairly valid model: 1) the normal force slope
decreases with increasing angle of attack and the force amplitudeis
symmetric with respect to a = 7/ 2, 2) the tangential force is null
for @ = /2 and changes sign for a > 7/2, and 3) the drag and
lift coefficients Cp and C; agree fairly well with the coefficients
obtained from the Newtonian theory of flow. Effectively, projecting
the normal and tangential forces along, and normal to, the velocity
vector and after performing adequate trigonometric manipulations,
the drag and lift forces are

D = 1pV?SCy @)
L=1pV?sC, &)

where
Cp = 3(Cy — Cp)(k — cos2a) ©)
C, =3(Cy — Cp)sin2a )

with
Cy+Cy

kzcz—c»:->1 ®

Figure 2 shows the drag and lift coefficients of a flat plate as a
function of the angle of attack, both, according to Newtonian theory

Fig.1 Spacecraft gravitational and aerodynamic forces.

lift coefficient
2

Approximate model
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angle of attack, deg

of flow past bodies with specular reflection of molecules} as well
as the approximated model coefficients. As can be clearly seen,
the drag and lift coefficients agree fairly well with the coefficients
obtained from the Newtonian flow theory. The approximate model
includes, in addition, combined form and friction effects generating
a nonzero drag coefficient at zero angle of attack.

In conclusionthen, the aerodynamicforces, as defined by expres-
sions (1) and (2), are a valid model both for low and high angles of
attack.

This specific model of the aerodynamic coefficients corresponds,
in terms of conventional aerodynamic representation, to a circular
polar drag. Coefficients Cy, Cr, and k can be defined such that
they provide a close approximation to the original parabolic polar
drag. Figure 3 shows the parabolic, circular, and elliptic polar’ drags
for the case studied in Ref. 10. Unlike the parabolic polar drag,
the circular, as well as the elliptic polar drag, has a maximum lift
coefficient and, hence, provides a better approximation to actual
polar drag at high angles of attack.

The system equations of motion are defined by

V =—(D/m)—gsiny 9)
Vy =(L/m)—gcosy +(V* R)cosy (10)
RO =V cosy (11)
R=Vsiny (12)
where g = u/ R?.
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Fig.3 Parabollic, elliptic, and circular polar drags.
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Fig.2 Newtonian and approximated drag and lift coefficients.
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Let us define the normalized variables as follows:

r=RI/R, (13)
v=V/R,w, (14)
L= w,t (15)
where
0. = (u/R)* (16)

Changing variables, the following system in normalized coordi-
nates is obtained:

0=vcosylr a7
F=wvsiny (18)
b = c1pu(r)(cos2a — k)v? — (siny/r?) (19)

Ccos v COs
v veosy

y = c1p,(r)vsin2o — (20)

rtv r

where the dot now indicates the derivative with respect to v. Fur-
thermore,

_ lS(CN - CT)POR

7 - e 21

Cy

and p, = exp{—B(r —ry)} with § = R,/ H.
It is seen that the system equations are independentof 6, i.e., 0 is
an ignorable variable.

Controllability Minimum Principle

The problem to be solved is to find the boundaries of the attain-
ability set for a vehicle entering the atmosphere at ry with velocity
vo and flight path direction y,. For this purpose, we shall employ
the method presented in Ref. 11.

Depending on the sense of time, the attainability domain from a
certain state is equivalent to the controllability domain to the same
state.” Based on this equivalence, the attainability domain boundary
can be obtained solving the controllability problem.

Under the assumption that the controllability set is closed, it is
shown that system paths exist to the target state from every point
on the boundary of the controllable set. These paths remain en-
tirely on the boundary of the controllableset =. This is a particular
case of the more generalconceptof barriers of a game, where control
is exercised by two opposing players. The necessary conditions for
determining the controls of the paths on = appear in the following
controllability minimum principle.'

Let u* be an admissible control, which generates a solution
x*:[ty, ;] — E to the state equationsx = f(x,u), u € Q, such
thatx*(t) € E, forall t € [to, t;].

Then, with A = (4, ..., 4,) and

H\ x,u) =X f(x,u)

there exists a nonzero continuous solution X : [#, ;] = E" to the
adjointequations:

OH (A, x*, u*)
ox

such that

H(\ x",u") = mig H\ x,u)=0 Vi € [to, 1]
u el

Furthermore, if the terminal point x*(¢;) is a regular interior point
of the limiting surface =, then the terminal transversality condition
is satisfied.

Boundary Trajectories
To find the boundary trajectories of the attainability domain from
statero, vy, and ¥, theequivalentcontrollabilityproblemto terminal
state ry, vg, and y, will be solved. For this purpose, v is changed

into o = —v, and the system equations become
F=—vsiny 22)
U = —c;p,(cos2a — k)v* + (siny/ r?) (23)

cosy  vcosy

¥ = —cipyvsin2a 4+ —— — (24)
r<v r
where o is the derivative with respectto o.
Let us write the Hamiltonian of the system (22-24):
sin
H=—Avsiny — 2, I:Clp,,vz(COSZOC — k) — 2yi|
-
cos v cos
—/ly<clp,,vsin2a— > r + 7/) (25)
r<v r
with adjoint vectors,
o OH dp, 2siny
Ar=——=2 2 20— k)— +
PP |:clv (cos2a ) & p i|
dp, 2cos cos
+2A,|civsin2a b + r_? ’ (26)
dr vr3 r2
o O0H .
Ay = a0 - A-siny + A, ¢ p,2v(cos2a — k)
v
cos cos
+ 2, | c1p, sin2a + SV (27)
v2r2 r
° oH Ay cOSy siny wvsiny
Ay = ——— = A, vcosy — +4 -
4 dy veosy r2 7|: vr? r
(28)

and from the transversality conditions, 4,9, 4,9, and A, are free.
To minimize the Hamiltonian, it is found that

A
sin2a* = ﬁ (29)
VA + )
Ay
cos2a* = e (30)

A2+ (vA,)?
We shall now show that the system of adjoint equations can be
reduced to a single equation. For this purpose let us define new
variables

Acos @ = v, (31
Asing = A, (32)

Differentiating Eqs. (31) and (32) with respect to o and solving for
2 and @,

2= (viv) cos<p+jly sin @ (33)
o= —(v/lv)sinj—l—ly cos @ (34)
Introducing Egs. (31) and (32) into Egs. (29) and (30),
sin2a* = sin @ (35)
cos2a’ =cos @ (36)

that is, ¢ = 2o*.
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Introducing Egs. (31), (32), (35), and (36) into Egs. (25), (27),
and (28) and rearranging,

H*=—Avsiny —/1|:c1pv(1 — kcos @)

sin(y + cos ¥ sin
B (y2¢)+v v w}:o an
vr r
;11, =2, siny + ¢;p, (1 — 2k cos ¢ + cos® @)
+ Asin@cos ¥ [(1/v*r?) + (1/v)] (38)
0 cos (o + sin @ sin
/ly:/l,vcosy—/l[ ((/;2 y)+v (f yi| (39)
v

Rearranging Eq. (37),

2 =—

sin(y + v Cos ¥ sin
|:c1p,,v(1—kcos<p)— (7 (p)+ ! (pi|

vsiny vr? r

(40)
Introducing Eq. (40) into Egs. (38) and (39) and rearranging,

Ay = C1pa(cos @ — k)Acos @ + (A v2r?)
X [sin(y + @) + sinpcos y] 41)

i

Y

sin v sin
|:c1p,,v(1 —kcosp)cosy — 2(,0 + (pi|
vr

sin y r

(42)

Now, multiplying Eq. (41) by v, adding to Eq. (23) multiplied by
Ay, and rearranging,
2Asin(y + @)

vr?

(Vi) = (43)

Introducing Egs. (42) and (43) into Eq. (34) and rearranging,

Qo=— |:c1p,,v(1 — k cos @) cos pcos y

sin y

sin @[2sin y sin(y + @) + cos v sin @ cos
_ sing[2siny (r y ?) ol </: w} @)
v

We have finally reduced the system of adjoint equations to this
single equation defining ¢, and consequently a*, along a boundary
trajectory.

Attainability Domain
The solution of the controllabilitydomain problem to state ry, vy,
and 7, is obtained by solvingbackwardin time Egs. (22-24) and (44)
from final conditionsry, vy, ¥y, and ¢y. Equivalently, the solution of
the attainabilitydomain problem from state ry, vy, and y, is obtained
by solving forward in time the following equations:

F=wvsiny (45)
b = c1pa(cos @ — k)v* — (siny/r?) (46)
. . cos v Ccos
Yy =cip,vsing — 27/+ ! (47)
r<v r
. 1
o= — ¢ Py (1 — k cos @) cospcosy
siny
sin @[2sin y sin(y + @) + cos v sin @ cos
_ sing[2siny (ryz 9) ol </: w} “8)
v

from initial conditions ry, vy, 7o, and ¢,. Here ¢y is the parameter
generating the set of trajectories defining the boundary surface of
the controllability (attainability) domain. Because a* = %(p, the
parameter is effectively the initial angle of attack at atmospheric
entry.

For given initial values of velocity and flight-path angle at atmo-
spheric entry, the intersection of the attainability domain with the
atmospheric boundary defines the attainable values of velocity and
flight-path angle at atmospheric exit. These values of velocity and
flight-path angle are the initial conditions for the exoatmospheric
orbit in an aeroassisted transfer.

Numerical Results

The physical constantsemployed for the numerical computations
are given in Table 1, and the spacecraft characteristicsare given in
Table 2. The vehicle characteristicsapproximatethose of the vehicle
in Ref. 10 with the same zero lift drag and a maximum lift to drag
ratio E* = 2.3.

From a numerical standpointit is to be remarked that, for y = 0,
both the numerator and denominator in Eq. (44) become zero. To
avoid singularities in the numerical computation, the adjoint equa-
tions obtained from Egs. (22), (24), and (32) with time in the forward
direction are solved to obtain adjoint variables 4,, A,, and vA4, with
initial conditions:

(V)0 = cos @y (49)
Ay = sin g (50)

and from the Hamiltonian given in Eq. (25),

1
Ao = —._[Clpn(ro)vo(l — kcos ¢)
Vo sin yo

(51

sin(yy + @) " Vg COS ¥, Sin ¢
Uorg 1o

This set of equations is solved together with Eqs. (45-47), where
@ = 20" is obtained from Egs. (29) and (30). The solution of this
set of equations with initial parameter ¢, such that —7 < ¢y < 7
will generate the boundary of the attainability domain.

Two differentcases will be presentedfor the same vehicledepend-
ing on the initial conditions at atmospheric entry. Initial conditions
for cases 1 and 2 are given in Tables 3 and 4, respectively. Case 1

Table 1 Physical constants

Earth radius r, 6378 km
Earth gravity constant u 3.99 x 10° km?/s?
Altitude density reference hg 36.5km
Reference altitude density po 6.9 x 10° kg/km®
Scale height H 7.62km

Table 2 Vehicle characteristics

Mass to area ratio m/ S 300 kg/m?
Zero lift drag coefficient Cpg Cr =0.1
Normal force coefficient Cy 1.1

Table3 Case 1, hyperbolic entry

Atmosphere entry altitude 7 120 km
Flight-path angle yp —5 deg
Entry velocity V; 12km-s~!

Table4 Case 2, elliptic entry

Atmosphere entry altitude /7 120 km
Flight-path angle o —4.5 deg
Entry velocity Vy 10.15km-s~!
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Fig.4 Attainabilitydomainin three-dimensional space V, , and = for
case 1.
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Fig.5 Attainability domain intersection with the atmosphere bound-
ary.

correspondsto entry into the atmosphere at hyperbolic velocity with
respect to Earth. Case 2 correspondsto elliptic velocity with respect
to Earth. Figure 4 shows the attainability domain boundary for hy-
perbolic atmosphere entry in the three-dimensional space defined
by altitude, velocity, and flight-path angle. In this case, as can be
clearly seen, all of the trajectories exit the atmosphere.

Figure 5 shows the intersection of the attainability domain with
the atmosphereboundary (77 = 120 km). From this map of velocity
and flight-path angle, the flight paths with extreme velocity values
can readily be obtained.

In Fig. 6 is shown the attainability domain boundary for elliptic
atmosphere entry in the three-dimensional space defined by alti-
tude, velocity, and flight-pathangle. For the case of elliptic velocity

60

50, -
105

Vi [km/sec] 7

-10 GAMMA_{ [deg]

Fig.6 Attainability domainin three-dimensional space V, , and =y for
case 2.
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Fig.7 Velocity vsflight-path angle for exiting and entering trajectories.
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Fig. 8 Altitude vs time for the limiting exit boundary trajectory.
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Fig.9 Flight-path angle vs time for the limiting exit boundary trajec-
tory.
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Fig. 10 Velocity vs time for the limiting exit boundary trajectory.
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Fig. 11 Lift control vs time for the limiting exit trajectory.

entry, there are two sets of trajectories, those exiting the atmosphere
boundary and those descending toward the Earth’s surface.

Figure 7 shows the velocity vs flight-path angle corresponding
to either the intersection of the attainability domain exiting bound-
ary trajectories with the atmospheric boundary or the attainability
domain entering boundary trajectories crossing the 50-km altitude
level. Those trajectories exiting the atmospheric boundary have a
positive flight-pathangle and those crossing the 50-km altitude level

have a negative flight-path angle, finally reaching the Earth’s sur-
face. The limiting exit trajectory separating the exiting and entering
trajectories is of particular interest. Altitude, flight-path angle, and
velocity of this limiting trajectory are all shown as functions of time
in Figs. 8,9, and 10, respectively. These boundary trajectories have
the same characteristicsas the optimal trajectories of Ref. 10. They
have three branches, a relatively short descending branch, a very
short nearly horizontal flight branch (y = 0), and a long ascending
flight branch.

The lift control for the limiting exit trajectoryis shownin Fig. 11.
After an initial positive lift most of the trajectory is flown with
maximum negative lift coefficient (a* &~ —45 deg).

Conclusions

Based on a simple but realistic model of the aerodynamic forces
acting on a spacecraftentering Earth’s atmosphere at orbital speed,
the set of trajectories belonging to the boundary of the attainability
domain is obtained through the variation of a single parameter,
namely, the initial value of angle of attack at atmospheric entry.
The trajectories are obtained by a forward integration of the state
and adjointequations of motion. If final conditions for transfer can
be achieved with the boundary trajectories, these trajectories can be
generated without recourse to solving the difficult two point bound-
ary value problem as is generally the case.

The determination of the attainability domain provides a global
view of the vehicle’s performance. The attainability domain for
giveninitial entry conditions clearly depends on the vehicle’s aero-
dynamic characteristics. Because of the relative simplicity of the
approach presented here for the determination of the attainability
domain, its analysis as a function of the aerodynamic parameters
can be performed to define desired vehicle characteristics.
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